We consider here two different models describing subdiffusion. One of them is derived from Continuous Time Random Walk formalism and utilizes a subdiffusion equation with a fractional time derivative. The second model is based on Sharma-Mittal nonadditive entropy formalism where the subdiffusive process is described by a nonlinear equation with ordinary derivatives. Using these two models we describe the process of a substance released from a thick membrane and we find functions which determine the time evolution of the amount of substance remaining inside this membrane. We then find 'the agreement conditions' under which these two models provide the same relation defining subdiffusion and give the same function characterizing the process of the released substance. These agreement conditions enable us to determine the relation between the parameters occuring in both models. 
Introduction
Subdiffusion is a process in which the random walk of a particle is strongly hindered by the complex structure of the medium, and in which a subdiffusive particle waits an anomalously long time to make a finite jump. Thus, the mean waiting time is infinite and the average displacement square of a transported particle, which is observed over a finite time interval, is dramatically suppressed. Over the last few decades subdiffusion processes have been observed in many physical systems (see [1] [2] [3] and the references cited therein). Subdiffusion is often characterized by the following relation,
where ( − 0 ) 2 denotes the mean-square displacement of a random walker, 0 is its initial location, D α is the anomalous diffusion coefficient measured in the units 2 / α and α is the anomalous diffusion parameter, 0 < α < 1 for subdiffusion, α > 1 for superdiffusion, and α = 1 for normal diffusion. The mean-square displacement can be calculated with the formula
where G 0 denotes the fundamental solution (Green function) to a subdiffusion equation for a spatially unlimited system with the initial condition
δ denotes the Dirac-delta function.
There are different models of subdiffusion which provide the relations (1) . The most commonly used subdiffusion models are Contiunous Time Random Walk (CTRW) formalism which provides the linear subdiffusion equation with a fractional time derivative [2] (in this paper we will call this model a fractional model), as well as the model based on nonadditive entropy in which subdiffusion is described by a nonlinear equation with ordinary derivatives [4] [5] [6] [7] [8] [9] . In our paper we use the Sharma-Mittal nonadditive entropy which is one of the most general entropies. Several other kinds of entropies, such as the Tsallis one [5] , can be obtained from the Sharma-Mittal entropy [10] . The stochastic interpretation of subdiffusion is satisfactorily simple in the case of the fractional model (through CTRW formalism [2] ), whereas in the case of the model based on nonadditive entropy, the stochastic interpretation is not so obvious (at least in our opinion). In order to interpret this, one uses the linear Langevin equation or the linear Fokker-Planck equation with specifically defined coefficients. We should mention here that we have recently proposed a new stochastic interpretation of subdiffusion described by nonlinear equations using a specific external Gamma type noise approach [11] . An important feature of subdiffusive systems is the occurrence of different relations similar to (1), namely
where γ( ) denotes the special quantity characterizing the system which has a macroscopic interpretation and is experimentally measured, such as, for example, the time evolution of the near-membrane layer thickness [12, 13] , the time evolution of the reaction front in the subdiffusive system with chemical reactions [14, 15] or the time evolution of the amount of a substance released from a thick membrane (or a thick slab) [16] [17] [18] . Let us note that in the cases we have mentioned, the coefficient A is controlled by subdiffusion parameters specific for the model under consideration and β is controlled only by the subdiffusion parameter α. This gives the possibility of measuring the parameters A and β on the basis of relation (4) . Every formalism has its own parameters (as will be discussed below). The subdiffusion parameters α and D α occurring in (1) are in a simple way related to the parameters which are found in the fractional model (through CTRW formalism). Subdiffusion modelled within the framework of the Sharma-Mittal entropy formalism is described using three parameters. In our paper the fractional model and the model based on the Sharma-Mittal nonadditive entropy formalism are used to describe subdiffusion. We will focus on a subdiffusive process of a released substance from a thick membrane. The aim of our paper is to propose the models involved in this process and find the agreement conditions between these models in such a way that the fundamental solutions to the subdiffusion equations provide the relation (1).
The system
The system under consideration is assumed to be homogeneous in a plane perpendicular to the axis, thus it is effectively one-dimensional. It consists of three homogeneous parts, the middle part represents the membrane with surfaces located at = − M and = M (see Fig. 1 ). We will consider the system in which the membrane is filled with a homogeneous solution and the external parts contain a pure solvent at the initial moment. Thus, the initial condition is as follows
We make the following assumptions:
1. The membrane is symmetrical and homogeneous.
2. The size of the system is very large compared to the membrane thickness.
3. The membrane surfaces are treated as absorbing walls for the substance transported inside the membrane.
The amount of substance, which remains inside the membrane at time , M( ), is given by the formula where M 0 = 2 M C 0 is the total amount of the substance inside the membrane at the initial moment; P( ; 0 ) denotes the probability that a particle located at point = 0 at the initial moment, 0 ∈ (− M M ), is still inside the membrane at time ,
G M ( ; 0 ) is the fundamental solution to an equation describing subdiffusion inside the membrane. The time evolution of the amount of substance released from the membrane, R( ), is given by the formula R(
Below, we will pay attention only to M( ). The fundamental solution is defined by the solution to a subdiffusion equation with the initial condition
and the boundary conditions which are characteristic for a system with absorbing walls, namely
The fundamental solution inside the membrane can be found by the method of images, and reads [2]
where G 0 ( ; 0 ) is the fundamental solution to a subdiffusion equation for an unlimited homogeneous system with the same subdiffuion parameters as inside the membrane.
Guided by the experimental results [16, 18] we additionally assume that the substance concentration inside the membrane differs noticeably from the initial concentration over relatively small intervals (− M − ) and ( M ) (which increase over time) located near the membrane surfaces. The above assumption is satisfied for times which fulfil the following relation
This assumption is realistic, since concentration profiles similar to those presented in Figure 1 were observed in previously conducted experiments, such as, for example, for the transport of sugar in a gel membrane (water solution of agarose with the subdiffusion parameter α = 0 9 and the subdiffusion coefficient D α ∼ 10 −10 m 2 /s 0 9 ) [12, 13] and for M ∼ 10 −2 m the condition (11) corresponds to 10 6 s. When < 0 < M and for the times which fulfil (11), it is assumed that the particle can leave the membrane with noticeable probability only by passing through the surface located at = M , and the probability of achieving the opposite membrane surface is negligibly small. In practice, this means that we will consider subdiffusion in the system with one absorbing wall located at M . Thus, it makes no difference how far the particle is from the opposite surface, and we assume that
where
is the Green function characteristic for the system with one absorbing wall located at M . Similar conisderation can be performed for the region (− M − ). We should add that Eqs. (12) and (13) -which in practice do not change the numerical results -are used for technical reasons in order to simplify the calculations.
The stochastic fractional approach
Continuous Time Random Walk formalism enables us to derive the equations describing a transport process by considering sample particle movement. This movement is described by the probability density of the waiting time between two successive jumps ω( ) and the probability density of the jump length λ( ). For the separable case, it is assumend that probability density functions ω( ) and λ( ) are independent of each other. If the probability density ω( ) has a 'thick tail' and is assumed to be in the form 
whereD α = σ 2 /τ α . Using the relations
where α ( )/ α denotes the Riemann-Liouville fractional derivative which is defined as follows for α > 0 [19] α ( )
when is a natural number which fulfils α ≤ < α + 1, one obtains the following subdiffusion equation [2] 
It can be easily noticed that for the initial point located at the arbitrary point ( 0 = 0), the subdiffusion equation reads
Thus, the occurrance of the fractional time derivative is related to the 'long tail' of the function ω( ). The fundamental solution to Eq. (18) reads [20] G 0F ( ; 0 ) = 1 (12), we obtain, after calculations
For relatively long times, we approximate the function
; | − 0 |/ D α occurring in Eq. (22) by the two first terms of (21) . The comparison of the analytical and numerical results confirms the correctness of such an approximation. After making the approximation we obtain
Putting Eqs. (23) into (6) we obtain
The nonadditive entropy approach
The Sharma-Mittal entropy is defined as [4] 
where G 0SM is the probability density function of finding a random walker at point at time . From Sharma-Mittal entropy one can obtain other entropies, e.g. Tsallis entropy for = , Gauss entropy for → 1 − and BoltzmannGibss-Shannon entropy for → 1 − and → 1 − . For two statistically independent systems, A and B, entropy satisfies the following equation
(26) Thus, for = 1, one is dealing with nonadditive entropy. Entropy (25) provides the following diffusion equation [4, 21, 22] 
where Q SM is the fluctuation strength. The solution to Eq. (27) with the initial condition (8) reads [4, 22] G 0SM ( ; 0 ) =
where { } + = max{ 0},
Function (28) provides the relation
Comparing (1) with (33) and taking into account Eqs. (29)-(32) we obtain
where > 1/3. Thus, the fundamental solution (28) fulfils the relation (1) only if its form is as follows
Let us note that the support of the above fundamental solution (a support is defined as the interval where a function is non-zero) is unlimited in the case of 1/3 < < 1 and limited for > 1. The fundamental solution G 0SM (36) is controlled by the three parameters α, D α and . This situation is different from the fractional model where the subdiffusion parameters α and D α fully determine the process. We expect that the agreement conditions will show that depends on the other parameters.
Using (12), (13) and (36) we obtain for > 1
1/α is the minimum time for the particle to pass from 0 to M , Θ is the Heaviside function and 2 F 1 denotes the hypergeometric function
( ) is the Pocchammer symbol, ( ) = Γ( + )/Γ( ).
For 1/3 < < 1 we obtain
Using an approximation similar to that of Eq. (23) for relatively long times, both functions (37) and (39) provide us with
Equations (12) and (40) give
The agreement conditions
In the previous sections we determined the conditions under which the fundamental solution (36) provides the relation (1). Below we will find the second condition under which the functions describing the time evolution of the amount of substance released from a thick membrane are equal to each other. The agreement condition reads
Substituting Eqs. (24) and (41) into Eq. (42), we obtain
Equation (43) indicates that the parameter is the function of α alone. Numerical solutions have shown that for a given value of α, is defined in a unique way. Numerical solutions to Eq. (43) for α ∈ (0 1) lead to ∈ (1/3 1) [23, 24] . Thus, we have found three relations, namely, Eqs. (34), (35) and (43) which relate the parameters occurring in the model based on Sharma-Mittal entropy formalism with the subdiffusion parameters defined by relation (1), under the condition that ∈ (1/3 1). For > 1, the equation (43) has no solution.
Final remarks
In our paper we have used two models in order to describe the subdiffusive process of a released substance from a thick membrane. The first model is based on CTRW formalism, whereas the second one is based on SharmaMittal nonadditive entropy formalism. We have found the agreement conditions under which the fundamental solutions to the subdiffusion equations derived within both models provide the same relation (1), which defines subdiffusion. We have also determined the time evolution of the amount of substance released from a thick membrane. [23, 24] . The boundaries of this interval move with a velocity decreasing over time [23, 24] ( ) = W ( ) = αB 2 1−α/2 (44)
Relation (1) is also fulfilled over long times. The mechanism which causes a spread of particles in such a way that relation (1) is fulfilled consists of the following two mechanisms 1. The first is connected with 'free' subdiffusive spreading of a substance in the restricted zone.
2. The second is connected with the movement of the rigid boundaries of this zone.
In this case, there is no agreement between the functions M( ) obtained within the fractional model and the model based on Sharma-Mittal entropy formalism since Eq. (44) has no solution. The process with moving zone boundaries is an example of the subdiffusion process described by three independent parameters. In the case of 1/3 < < 1, only the first mechanism controls the subdiffusive process and we only need two independent parameters to describe subdiffusion in both models. Let us note that for subdiffusion > 1. Thus, due to the fact that for Tsallis entropy = the result is that Tsallis entropy does not fulfil agreement condition (43). Hence, the functions obtained from Tsallis entropy formalism will not be consistent with condition (43). We should also add that Rény entropy is additive and can be used in the description of normal diffusion processes.
